Abstract-In this work we revisit the multiplexing gain, or degrees of freedom, of the Gaussian cognitive radio channel. Prior work has shown that the cognitive radio channel attains one degree of freedom, indicating that while cognition significantly improves rates over the interference channel at medium SNR, at high SNR the cognitive channel too is interference-limited. In this work we show that by allowing the power of the secondary user to scale infinitesimally faster than the power of the primary user, degrees of freedom arbitrarily close to 2 can be achieved. This is equal to that of an ideal 2 × 2 MIMO channel, and cannot be achieved in a similar manner in the interference channel.
I. INTRODUCTION
To alleviate the apparent discrepancy between spectrum under-utilization [1] and spectrum scarcity and demand, regulatory barriers between secondary licensing and usage of licensed spectrum are being relaxed. The Secondary Markets Initiative [2] hopes to facilitate allowing primary spectrum licensees to share their licensed spectrum with other wireless devices, or secondary users.
The question of how a secondary transmitter (Tx) and receiver (Rx) pair may best share the available spectrum has received much recent interest [3] , [4] , [5] , [6] , [7] , to mention just a few. Cognitive radios, or wireless devices able to sense and adapt to their wireless environment, are well suited to secondary spectrum usage. Their ability to sense the wireless environment allows them to sense and fill spectral gaps. That is, primary and secondary users transmit in orthogonal space, time or code resources and thereby avoid interference.
The cognitive radio channel [3] was introduced as an alternative approach to the more traditional orthogonal secondary spectrum access. This informationtheoretic 2 Tx, 2 Rx channel assumes the secondary Tx has non-causal (prior to transmission) knowledge of the primary user's message. The achievable rate and capacity regions for this idealized scenario form an outer bound to real-world scenarios in which the cognitive secondary user listens and learns the message of the primary user. Aditionally, this channel introduces the concept of asymmetric transmitter cooperation, or cognition, and provides a more spectrally efficient alternative to orthogonal spectrum access.
The capacity region for the Gaussian cognitive radio channel, under certain co-existence conditions in weak interference was obtained in [4] . It is clear that at receive signal to noise rations (SNRs) of practical interest (0-20dB) that cognitive secondary spectrum access offers a significant improvement in spectral efficiency (i.e. total sum-rate of the primary and secondary users) over orthogonal schemes. One immediate question that arises is how cognitive transmission performs in the high SNR regime, when noise is no longer the impediment to achieving higher rates. Essentially, in a point-to-point Gaussian noise channel (with input power P , noise of power 1, and unit channel), it is well known that the capacity scales like log(SN R) = log(P ), as SN R, or equivalently P , tends to ∞. In a multiple-input multiple-output (MIMO) system, the multiplexing gain is defined as the limit of the ratio of the maximal achieved sumrate, R(P ) to the log(P ) = log(SN R) as the input powers P (assumed to be the same for all transmitters) tends to infinity 1 . That is,
Intuitively then, it is a measure of how many point-topoint, interference free channels are contained within a channel in which interference is naturally present. It may be seen as a measure of how well one can mitigate interference through careful transmission. The multiplexing gain of the cognitive channel was considered in [8] and [9] . It was shown that the multiplexing gain, or degrees of freedom (DOF), of the cognitive radio channel is M when there are M antennas at each node. For single antenna nodes, the multiplexing gain is thus 1, the same as that of an interference channel. Thus, the asymmetric transmitter cooperation is apparently unable to fundamentally mitigate interference. The 2 × 2 MIMO channel is however able to mitigate interference and attain the maximal 2 DOF.
In this paper we re-visit the degrees of freedom in the Gaussian cognitive radio channel. We show that the single antenna cognitive channel may achieve up to 2 DOF when the power of the cognitive user grows faster than the power of the primary user. This scaling of the secondary Tx power, rather than act as additional detrimental interference to the primary Rx, may push the channel into the very strong interference regime, allowing the primary user to decode the so-called interference and pull this off the received channel. This provides another potential transmission scheme for secondary spectrum access which is fundamentally opposite to many current interference temperature schemes in which secondary transmissions are power adjusted to remain below a certain interference level at the primary receiver.
The outline of this work is give next. In Section II we establish the notation and review prior results on the cognitive channel. In Section III we prove that the cognitive channel may achieve arbitrarily close to 2 degrees of freedom. We make our conclusions in Section IV.
II. THE CLASSICAL COGNITIVE CHANNEL MULTIPLEXING GAIN
We define a 2×2 cognitive radio channel 2 as in Fig.  1 , to be two point-to-point channels Tx 1→ Rx 1 (the primary users, wish to communicate message W 1 ) and Tx 2→ Rx 2 (the secondary, or cognitive users, wish to communicate message W 2 ) in which the sender Tx 2 knows (non-causally) the encoded message X 1 which the sender Tx 1 will transmit. Power limited to P1 Fig. 1 . The Gaussian cognitive channel with Tx 1 and Tx 2 power limited to P 1 and P 2 respectively, additive white Gaussian noise N 1 and N 2 at the two receivers Rx 1 and Rx 2 respectively. The direct channel coefficients are 1, while the cross over coefficient between Tx 1 and Rx2 is a 12 , and that between Tx 2 and Rx 1 is a 21 . The input-output relations are given in (1) and (2).
2 The cognitive radio channel is also known as an interference channel with degraded message sets (IC-DMS) in [4] , [6] , the interference channel with partially-cognitive transmitter, or the interference channel with unidirectional cooperation [5] Let X 1 and X 2 be the random variable inputs to the channel, and let Y 1 and Y 2 be the random variable outputs of the channel. We assume that the primary transmitter is power limited on average to
and that the secondary user is power limited on average to a given value P 2 . Notice then that the input X 1 may depend on W 1 , while the input X 2 may depend on W 1 , W 2 and/or X 1 . The normalized input-output relations describing the channel are given in (1) and (2). Standard definitions for codebooks, achievable rate regions, and capacity regions are employed [3] , [4] , [10] .
A. The capacity region of the cognitive radio channel
The capacity region of the cognitive radio channel for a 21 < 1 was found in [4] and reproduced in our notation below. One of the co-existence conditions presented in [4] , which aim at making the cognitive user transparent to the primary user, is the requirement that the primary receiver employs a single-user decoder, which would be the case if no cognitive user were present.
Theorem 1: The capacity region of the cognitive channel defined in (1), in the weak interference regime a 21 < 1 is given by the union, over all α ∈ [0, 1], of the rate regions
Because this coding scheme will later be of interest, we review the achievability ideas of [4] . The primary user generates a standard random Gaussian codebook with power P 1 . The secondary user splits it power P 2 into two parts according to some parameter 0 ≤ α ≤ 1. Tx 2 uses αP 2 of its power to aid in transmitting Tx 1's message, and the remaining (1 − α)P 2 of its power to transmit its own message through the interference mitigating dirty-paper coding technique [11] , [12] .
B. The degrees of freedom of the cognitive radio channel
Using these results, it was shown in [8] that: Theorem 2: Consider a Gaussian interference channel with P 1 = P 2 = P , and where Tx 2 has non-causal knowledge of Tx 1's message and its encoding. Then the sum-rate capacity of this channel satisfies
where C is the capacity region of the Gaussian cognitive channel.
Roughly speaking, this result is proven by, for a 21 < 1, setting P 1 = P 2 = P in (3), and letting P → ∞. For a 21 ≥ 1, the same can be done by setting P 1 = P 2 = P in Corollary 4.1 of [4] , and again letting P → ∞. There are two important subtleties which are implicit in this result. The first is that P 1 = P 2 = P , and then P → ∞. In the next section we reconsider this assumption and allow for more general scaling of the two powers. Secondly, for the a 21 > 1 case, that is, when there is strong interference at the primary receiver, the co-existence conditions assumed by [4] , and used in Theorem 2, fundamentally limit the multiplexing gain to 1. That is, the assumption that the primary receiver act as a single user receiver (albeit it a realistic assumption in many scenarios) theoretically reduces the DOF to 1. In the next section we will illustrate how the DOF may be increased by relaxing this co-existence condition.
III. ACHIEVING 2 DOF IN THE COGNITIVE RADIO

CHANNEL
Consider now setting
The multiplexing gain of the cognitive channel will then depend on γ 1 and γ 2 and may be defined as
where R i again corresponds to the rates from the i-th source to the i-th receiver, and C is the capacity region of the Gaussian cognitive channel. Allowing the powers to scale at different rates may be related to the literature on the interference channel. The interference channel is a 2 Tx, 2 Rx channel in which Tx 1 wishes to communicate with Rx 1 while Tx 2 wishes to communicate with Rx 2. Cooperation at the transmitting and/or receiving ends is prohibited. Despite its simplicity, the capacity region of this channel in general remains unknown. However, tight bounds on the capacity region exist [13] , [14] , [15] . Results on multiplexing gains are presented in [15] . There, the dependence of the rate scaling is expressed explicitly as a function of the signal to noise ratios SN R 1 , SN R 2 at Rx 1 and Rx 2 respectively and the two interference to noise ratios IN R 1 and IN R 2 at the two receivers. Specifically, depending on the relative SNR and INR ratios (different regimes), different multiplexing gains can be achieved. By letting the powers scale as in (5) and (6), we are able to traverse these different SNR, INR regimes.
We now obtain a lower bound on the DOF of the cognitive channel when γ 1 < γ 2 .
Theorem 3:
For the Gaussian cognitive channel with primary power P 1 = P γ1 , secondary power P 2 = P γ2 , whenever γ 1 < γ 2 :
DOF (γ 1 , γ 2 ) = γ 1 + γ 2 Proof: When γ 1 < γ 2 , the power of the secondary user grows faster than that of the primary user. However, this increasing interference at the primary Rx from the secondary Tx in fact turns out to be beneficial to the primary link if the primary user can decode the secondary user's message. It is well known that in very strong interference [16] (when the receive log(IN R) > 2 log(SN R)) that the 2 Tx, 2 Rx Gaussian interference channel is equivalent to two parallel Gaussian channels. This is accomplished by having each receiver decode the interference, treating the desired signal as noise, subtract off the decoded interference, and then proceed to decode the original desired signal.
In our context, at Rx 1, using the scheme of Theorem 1 the receive SNR is P 1 = P γ1 , while the receive INR is a
(1 − α)P γ2 . Thus, for P large enough, the primary receiver Rx 1 will experience very strong interference. It will then be able to subtract off this interference, and will thus be able to experience a channel of capacity log(SN R), which in this case will have γ 1 DOF. Meanwhile, setting α = 0 in (3), which corresponds to allotting no power at Tx 2 to reinforcing Tx 1's message (and all power is spent transmitting its own information using a dirty-paper coding scheme), we see that the secondary link is also able to sustain γ 2 DOF. This may also be noted from (3). Thus, when γ 2 > γ 1 , the Gaussian cognitive radio channel is able to support
Note that if γ 2 = 1 and γ 1 = 1 − ǫ for ǫ > 0, then we can achieve 2 − ǫ DOF. When γ 1 ≥ γ 2 , we conjecture that the DOF (γ 1 , γ 2 ) = γ 1 . Again using the scheme of Theorem 1, it may be verified (although this is only an achievability argument) that setting α = 0 leads to γ 2 DOF for the secondary link and γ 1 − γ 2 DOF for the primary link (as it is in the very weak interference regime), while for α = 1, the total DOF of the primary link is γ 1 , while that of the secondary link is 0. Thus, we conjecture that a gain in DOF is only possible when γ 2 > γ 1 .
A. Difference between interference and cognitive channels
The cognitive and interference channels differ only in how the transmitters may cooperate: in the interference channel the transmitters encode their messages independently, whereas in the cognitive channel Tx 2 has a-priori knowledge of Tx 1. This turns out to be crucial in achieving DOF greater than 1 in the cognitive channel.
The wireless channel parameters a 12 , a 21 as well as the power of the Gaussian noise N 1 , N 2 , is controlled by nature. Thus only the transmit powers and coding strategies may be varied to increase the degrees of freedom. In the cognitive channel, setting γ 2 > γ 1 allows one to achieve arbitrarily close to 2 DOF. However, the same power allocation in the interference channel would result in only γ 2 DOF rather than γ 1 + γ 2 . To see this, note that whenever γ 2 = γ 2 , for P large enough, one Rx will operate in the very high interference regime in which its rate scales as log(SN R), while the other will operate in the very low interference regime where its rate scales as log(SN R/IN R). Thus, the overall DOf will be equal to max(γ 1 , γ 2 ) and not γ 1 + γ 2 .
In this light, the cognitive radio channel increases the DOF from max(γ 1 , γ 2 ) to γ 1 + γ 2 when γ 2 > γ 1 .
IV. CONCLUSION
In this work, we proved that by letting the powers of the primary and secondary users in the cognitive channel scale at different rates that up to 2 DOF may be achieved. Specifically, if the primary power scales as P 1 = P γ1 , and the secondary power scales as P 2 = P γ2 , then whenever γ 1 < γ 2 , the Gaussian cognitive radio channel has DOF (γ 1 , γ 2 ) = γ 1 + γ 2 .
